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I. Introduction
IN an integrated digital network environment, various services are expected to be o ered having di erent arrival characteristics, service rates and bandwidth requirements.
Various acceptance control measures in such a heterogeneous environment h a ve considerable impact on the performance of the network. In this paper, we consider the problem when two tra c streams are o ered to an integrated network tra c link in a double loss system blocked call cleared mode under various control measures. The transfer mode is assumed to be the synchronous transfer mode STM. Each of the tra c streams is assumed to have di erent bandwidth slot requirements and holding time. For example, if we assume 64 Kbps to be the basic bandwidth unit, then a 384 Kbps service requires six slots for each call for instance, a 64 Kbps voice service and a 384 Kbps video service. Thus, this scenario corresponds to multi-rate circuit switching. We also assume that the holding time of calls of each tra c type is exponential, with di erent means for each stream.
In the literature, the performance modeling of a link under various considerations when di erent tra c streams are o ered has been considered by several researchers. these consider the case when each tra c stream is Poissonian 5 , 6 , 7 , 8 , 9 , 14 , 18 , 20 , 21 . Chandramohan 2 , in a recent paper, gives an excellent literature review and has considered the case of two tra c streams, each characterized by a t wo-state Markov Modulated Poisson Process. He showed ways to compute various performance measures by providing steady-state equation for his model. Additionally, he presented computational results when one stream is Poisson and the other is characterized by a n I nterrupted Poisson Process 10 .
In this paper, we address the scenario where one tra c stream is kept Poissonian, while the other is non-Poissonian but still renewal, requiring only that the inter-arrival distribution has a rational Laplace transform. Further, each tra c stream has di erent holding time and bandwidth requirements. We study such a heterogeneous system with several policies for bandwidth control. In particular, we study a reservation policy based on classical trunk reservation scheme 1 . Furthermore, we i n troduce a partial reservation policy scheme aimed to achieve equal call blocking for both tra c streams. We study the various performance measures as the general renewal process is varied, under di ering loads. Our methodology is signi cantly different from previous approaches. We represent the nonPoissonian arrival process by a matrix-exponential me distribution 13 , 15 . Well known distributions, such a s hyper-exponential, Coxian, Erlangian, phase-type, can be represented by a matrix-exponential distribution. Additionally, the resulting mathematical model can be solved using matrix algebraic techniques 3 , 11 , 15 , thus not requiring any complex and or tedious transform techniques and often not requiring root nding. Thus, we use a unied modeling technique to compute various performance measures without the need to use any transform or embedding techniques. Each of the streams may be subject to di erent controls for prioritization of tra c. We h a ve modeled di erent control schemes such as reservation for one or more units" for each tra c stream, and partial reservations using acceptance functions 2 , 21 . These acceptance functions are probability functions which allow for a parameter that can be used to produce proportional blocking for each tra c type. We studied the special case of equal blocking.
The paper is organized as follows: in section II, we give the steady state balance equations for the model and the equations for the performance characteristics. In section III, we describe how acceptance functions can be used to de ne the various control schemes, and introduce the partial reservation scheme. Computational results using several distributions for the non-Poissonian stream is reported in section IV. We will show that blocking and other measures depend signi cantly on the rst three moments of the inter-arrival distribution.
II. Model
In this section, we give a mathematical description of the system when two tra c streams, each with its own arrival distribution, slot demand, and service rate, are o ered to a double loss system. The characteristics of these types are subscripted by a`1' or`2', see Fig. 1 for a visualization of the model. The stream-1 arrivals are assumed to form a Poisson process with rate 1 , the stream-2 arrivals are assumed to form a renewal process with rate 2 , and we model their interrenewal distribution with a matrixexponential me distribution, described below. There are N channels in the digital link and tra c type`i' demands simultaneous access to any m i channels or slots and uses these channels for an exponentially distributed time with mean 1= i . The model in this paper is not applicable to the case where the channels are required to be physically contiguous. We will assume that m 1 m 2 and refer for convenience to the rst tra c stream as narrowband" service and the second tra c stream as wideband" service. For each stream, the o ered load is i = i = i and the o ered demand is a i := m i i = i ; the total o ered demand is A := a 1 +a 2 and the o ered intensity is de ned as A=N.
The system is a double loss system, so that an arriving request of type i is blocked-and-cleared if there are fewer than m i trunks available. In this paper, we will also consider the following variations: the classical trunk reservation and partial reservation, explained below. These policies are incorporated in our model using acceptance functions 1 n 1 ; n 2 and 2 n 1 ; n 2 , representing the probabilities that an incoming request of type 1 or 2 is accepted to the system upon nding n 1 narrowband calls and n 2 wideband calls in progress.
As mentioned above, the arrivals of stream-2 requests form a renewal process, whose interrenewal distribution is represented with a matrix exponential distribution with representation p 2 
(m , µ , r ) Fig. 1 . The heterogeneous double loss system where this renewal process is active, gives thus rise to a vector and the states in the underlying process of the entire model are therefore given by 2-tuples of vectors. Let the steady state vectors be represented by v ector n 1 ; n 2 , then the steady state balance equations can readily be described. For ease of discussion we rst de ne N free n 1 ; n 2 as the number of free channels when n 1 ; n 2 calls are in progress, i.e. N free n 1 ; n 2 = N , n 1 m 1 , n 2 m 2 :
Furthermore, de ne I 2 , the identity matrix corresponding to the dimension of B 2 . F or ease of discussion, consider only those states n 1 ; n 2 2 such that all neighboring states are also in , i.e., n 1 + 1 ; n 2 2 , n 1 ; n 2 + 1 2 , n 1 , 1; n 2 2 , and n 1 ; n 2 , 1 2 . The steady state balance equations for the model are given by: n 1 ; n 2 f 1 1 n 1 ; n 2 I 2 + B 2 + n 1 1 I 2 + n 2 2 I 2 g = n 1 , 1; n 2 1 1 n 1 , 1; n 2 + n 1 ; n 2 , 1B 2 e 0 2 2 n 1 ; n 2 , 1p 2 2 + n 1 + 1 ; n 2 n 1 + 1 1 + n 1 ; n 2 + 1 n 2 + 1 2 + n 1 ; n 2 B 2 e 0 2 p 2 1 , 2 n 1 ; n 2 : Fig. 2 represents the part of the steady state diagram that corresponds to the right hand side of balance equation 2. Any c hange in the steady state vector n 1 ; n 2 is due to either a change in the wideband renewal process which e ects the direction of the vector, i.e. the process rate operator B 2 , o r a n y other event accepted arrival of the narrowband tra c and a completion of any of the calls in progress. As these represent processes independent of the wideband arrival process, they do not e ect the direction of the vector, but instead cause the system to change to a parallel vector representing another tuple. Their rate is multiplied by I 2 , re ecting this independence. The state can be entered due to either a service completion, or an accepted arrival of narrowband tra c, or an accepted wideband tra c request when in state n 1 ; n 2 , 1, or a rejected wideband tra c request when in state n 1 ; n 2 . Such a rejection does not e ect a change in distribution of customers, but does e ect the vector-components of . In either of the last two cases an arrival occurs through the operator B 2 e 0 2 and the arriving process for wideband tra c is immediately renewed through operator p 2 so that a subsequent arrival will take place at some future time. The normalization constant can be computed from the requirement that all probabilities sum to one: X n 1 ; n 2 e 0 2 = 1 ; 3 where P indicates the summation over all feasible tuples n 1 ; n 2 2 . Notice, that if the wideband arrivals followed the Poisson process, and thus the degree of the renewal process is one, then p 2 = e 0 2 = 1 and B 2 = 2 . In this case, the steady state probability v ectors reduce to scalars, and the terms B 2 and ,B 2 e 0 2 p 2 cancel each other in equation 2, re ecting the memory less property.
The system of equations 2 and 3 can be solved directly and exactly for the vectors n 1 ; n 2 and all performance measures of interest can be computed from these probabilities. For wideband tra c, there is a di erence between call-blocking i.e. the fraction of actual wideband arrivals that are not accepted and time-blocking or virtual blocking, i.e. the fraction of time that arrivals could not be accepted, whether or not these arrivals are actually occurring. The time blocking for service i, given by b t i , is obtained by summing up all appropriate vectors component-wise: Notice that the model and all formulas extend immediately to multi service networks with more than two t ypes of tra c and or more than one non-exponential renewal process. In the latter case, one needs to use a tensor product of the two or more underlying vector spaces to make the several operators compatible, see 11 . Analytic modeling with non-exponential distributions can be done with the same ease as Markovian modeling, using the linear algebraic concept: First assume a Markovian model and develop states and balance equations, after which the renewal processes are introduced as appropriate, each non-exponential process generating its own vector space. For another example for the application of Linear Algebraic Queueing Theory, see the single bus, multiprocessor example in 16 .
III. Control Schemes
In this section, we discuss how di erent bandwidth control schemes can be incorporated in our model, using the acceptance functions, 1 n 1 ; n 2 and 2 n 1 ; n 2 . We study the`no control', the classical trunk reservation, and thè partial reservation scheme'.
A. No Control
First, we specify`no control', where an incoming request of type i is always accepted to the system if there are m i trunks available, and blocked-and-cleared if there are less than m i trunks available this is the same as the complete sharing policy 6 . In this case, the acceptance functions for i = 1 ; 2 are speci ed by i n 1 ; n 2 = 0; if m i N free n 1 ; n 2 1; if m i N free n 1 ; n 2 .
B. Classical Trunk Reservation
Even if there is a su cient n umber of free trunks, one may not want to accept requests. We study here reservation, where each tra c type can have a xed number of bandwidth units reserved for its tra c: reserve r i m i channels for tra c type i, where r i is referred to as reservation No reservation i.e., no control is thus seen to be a special case of this reservation model with r 1 = 0 and r 2 = 0 . I n this study we limit our attention to wideband reservation only, i.e. r 2 0 while r 1 = 0. Other reservation schemes can be modeled as well.
C. Partial Reservation Scheme
The call-blocking probabilities for the di erent streams are usually di erent, even with di erent levels of classical reservation, as will be shown shortly in the examples. There are instances however, where one would like t o i ncorporate a control scheme such that these blockings are equal or are in some other, prede ned relation. For instance, the blocking for wideband tra c is expected to be higher in the absence of reservation, because it needs more bandwidth. Increasing trunk reservation for wideband tra c brings the blockings for the di erent tra c streams closer, and ultimately call blocking for wideband tra c will be larger, but generally not equal to the call blocking for narrowband tra c. This latter can be accomplished by extending the use of the acceptance functions i n 1 ; n 2 from a pure indicator function either zero or one to a probabilistic function, allowing values between 0 and 1. The system rejects e.g. a narrowband call with nonzero probability q e v en if the number of free channels is more than r 2 m 2 . In terms of the acceptance function 1 this is: 10 Notice that the acceptance function with reservation level r 2 = k and q = 0 is identical to the acceptance function for the classical reservation scheme explained above when r 2 = k; while when r 2 = k and q = 1, this new scheme is identical to the classical reservation scheme explained above with r 2 = k + 1. This control policy is thus speci ed by both a reservation level r 2 and a probability q, which when considered from this viewpoint, can be combined to form r 2 = k + q, a reservation level drawn from a continuum rather then a discrete set as under the classical scheme. The policy will be referred to as the partial" or probabilistic reservation scheme, or in short the prs-policy. F or the determination of the probability r 2 = k + q in the above formulation, suppose one requires the call blocking for narrowband tra c to be equal to that of wideband tra c. Let the call blocking for service i be denoted as b 
IV. Results
We h a ve implemented model 2 under the control schemes as described in section III. The following parameters are kept xed throughout this study: o ered intensity, A=N, is at 75, N = 9 6 ; m 1 = 1 ; m 2 = 6 ; 1 = 1 0 ; and 2 = 1. This means that the wideband service requires 6 slots per call, and the service rate for the narrowband service is ten times faster than the wideband service. A speci c application could be a system where type`1' is the voice service and type`2' is the video service assuming 64 Kbps to be the basic bandwidth unit; thus, here, the mean video call holding time is ten times that of a voice call holding time. In this study, w e limit our attention to wideband reservation only, i.e. r 2 0 while r 1 = 0 .
We study the system under various percentages of o ered wideband demand, 100a 2 =a 1 + a 2 . A 50 o ered wideband demand indicates that, on average, 50 of the busy trunks is allocated to wideband tra c had there been an in nite number of trunks. This corresponds to only 14.29 o ered wideband load, and to a mere 1.64 o ered wideband arrivals. The relationships between o ered wideband demand percentages versus o ered wideband load percentage, 100 2 = 1 + 2 , and o ered wideband arrival percentages, 100 2 = 1 + 2 , are pictorially given in Fig. 3 .
A. Change in Demand Mix
In Fig. 4 , we h a ve plotted call blocking as a function of the wideband-demand percentage for several arrival dis- tributions while the total o ered demand is kept xed. Fig. 4a shows call and time blocking for service 1, Fig. 4b for call blocking of service 2, and Fig. 4c gives the total carried demand. These graphs show the combined e ect of four di erent v alues of the squared coe cient o f v ariation, c 2 , in the wideband tra c c 2 = 4 ; 2; 1; 0:5; and three levels of wideband reservation r 2 = 0 , n o c o n trol, r 2 = 1, and r 2 = 2. For c 2 = 1 , w e used Poisson tra c; for c 2 = 0 :5, we used the Erlangian-2. Finally, for c 2 = 2 and c 2 = 4 , we used a two-state hyperexponential with prescribed rst two moments and the last free parameter chosen so that the rst, second, and also the third moment of this distribution match those of the gamma distribution, see 22, pp. 397-400 . A squared coe cient greater than one is usually interpreted as`bursty', and values of 2 and 4 are rather mild levels of burstiness. Three observations are readily drawn from Figs. 4a and 4b:
1. Wideband reservation causes blocking for service 1 to increase, and the blocking for service 2 to decrease. This was expected, although the amount o f c hange is rather high, in light of the o ered demand at only 75 of capacity. 2. As the percentage of wideband demand increases, the blockings for both services increase at all levels of wideband reservation. The impact of increasing wideband demand becomes already quite noticeable for a 10 wideband-demand, resulting in a 4-to 7-fold increase in blocking for either service, depending on the burstiness. 3. An increase in the squared coe cient o f v ariation also has an increasing e ect on the blockings for either service. This in itself is expected, the actual di erence however, is unexpectedly high. Furthermore, Fig. 4a shows that there is a range of values for wideband demand, for which narrowband blocking with r 2 = 1 and c 2 = 4 is equal to that with r 2 = 2 and c 2 = 0 :5. There are many such examples for wideband blocking.
Similar observations can be drawn for the total carried demand from Fig. 4c . The total carried demand appears to be linearly decreasing as the percentage of wideband demand increases, where the rate is a function of both c 2 and r 2 . In order to avoid clutter, not all twelve curves are plotted. Fig. 4c also shows a cross-over when bandwidth control is taken into account for a given wideband arrival stream. In particular, for c 2 = 4, the total carried demand is maximized with no control r 2 = 0 for the o ered wideband demand between 0 and 15, r 2 = 1 for the demand between 15 and 90, r 2 = 2 or higher for more than 90 o ered wideband demand. We also observe that the time blocking for wideband service is typically lower than the respective call blocking. Concluding this section, it is shown that only at a very small percentage of wideband-demand say 5, the arrival distribution of the wideband tra c can be assumed to be Poissonian; at a higher percentage this is no longer su cient when the di erent v alues of the coe cient o f v ariation of the wideband tra c produce different blocking levels. In other words, a Poissonian characterization is not enough to obtain accurate blocking values; at least second moment information is required.
B.Equal Blocking
Generally speaking, blocking for service 1 with wideband reservation is larger than blocking for service 2 without reservation, and vice versa, see Fig. 4a and 4b . The prspolicy forces both to be equal, and we repeated the studies from above under this bandwidth policy. The value of r 2 = k + q has been computed using the procedure described in section III.C. Fig. 5 show the blocking probabilities and the total carried demand for both the prs-policy as well as the integer valued reservation schemes that form upper-and lower bounds. Fig. 5 show the values where the wideband tra c has c 2 = 4, and show clearly how the partial reservation scheme changes from a value of r 2 less than 2 when the o ered wideband percentage is less than 55, to a value greater than 2 for percentages greater than 55. It should be pointed out that a single percentage point difference in blocking may h a ve a dramatic nancial impact. Assuming that a network experiences one percent additional blocking for only three hours on each business day, then for a 50-node symmetric network, 20 business days per month, and 100 erlangs of o ered tra c per nodepair at $15 per erlanghour, this translates a single percentage blocking into $13.6 million in unrealized earnings.
C. Change in Second and Third Moments Fig. 4 indicate the importance of the second moment o n both blockings and the total carried demand, particularly at high percentages of o ered video demand. To i n vestigate the behavior at lower ranges, we plot again blockings and total carried demand for a varying squared coe cient o f variation of the wideband tra c, while keeping the o ered wideband demand xed to 15 in our studies. Fig. 6a shows the blockings and Fig. 6b the total carried demand for several values of r 2 and where c 2 varies from 1 to 10. They show that the blocking increases, and the total carried demand decreases under increasing c 2 , while keeping constant both the o ered wideband demand at 15 and the o ered intensity, A=N, at 75, and thus also the arrival rate of wideband calls at 1.80. Blocking of tra c type 2 is seen to be most sensitive to the value of the second moment, and the call blocking is 5 times as high at c 2 = 10, as compared with the blocking value at c 2 = 1 .
To study the possible impact the third moment might have, we also modeled the wideband tra c with another two-state hyperexponential with prescribed rst two moments and the last free parameter chosen so that the two exponentials have balanced means, see 22, pp. 397-400 . We will refer to the distribution with balanced means as H 2 , and to the distribution with gamma-normalization discussed earlier as K 2 . T h us, we can study the e ect that the third moment might h a ve b y using both H 2 and K 2 with the same rst two moments and di erent third and higher moments. The third moment of a distribution has no upperbound, but is bound below b y c 2 +1 2 = 2 3 ; the for several levels of wideband reservation and the partial reservation scheme. Overall offered intensity is 75%, offered wideband percentage is 15%.
third moment for K 2 , 2 c 2 + 1c 2 + 1 = 2 3 , is smaller than that for H 2 , 3 c 2 c 2 + 1 = 2 3 , when c 2 1. For this part of our studies, we k ept the percentage of wideband demand xed at 15 thus only 2.86 wideband load and 0.30 wideband arrivals. In Fig. 7a and 7b , we plot the blocking for both services as c 2 ranges from 1 to 10 for both the H 2 and the K 2 family of distributions and for selected reservation levels r 2 = 0 for wideband tra c, r 2 = 2 for narrowband tra c, and the partial reservation scheme for equal blocking are shown in Fig. 7a ; r 2 = 0 for narrowband tra c, r 2 = 2 for wideband tra c, and again the partial reservation scheme for equal blocking are shown in Fig. 7b , but note the di erence in scale. The e ect of wideband reservation remains as before, but the third moment has a major impact on the performance characteristics. Generally, systems in which the wideband tra c has the H 2 -distribution, has lower blocking and higher total carried demand, as compared to the K 2 counterpart. The call blocking for wideband tra c with K 2 is almost twice as much as that with H 2 , e v en when c 2 = 10. In fact, the third moment has a greater impact on the total carried demand than wideband reservation itself! Fig. 7c shows the total carried demand for the same reservation levels, and has cross over points, indicating that it is more advantageous to improve the third moment than to introduce reservation. Even reducing the squared coe cient o f variation might not result in the expected e ect, depending on the changes this causes to the third moment. Notice however that the third moment of the H 2 family is larger than that of the K 2 family, so in order to improve performance, one should try to minimize the second moment, and maximize the third moment, a rather counterintuitive conclusion. A similar conclusion, a large third moment improves performance, was earlier observed for a single class closed loop system, 17 , and is now shown to hold for this double loss system as well.
To study the impact of the third moment of the arrival distribution of the wideband tra c on various factors when the coe cient o f v ariation is less than one, we c hose mixtures of Erlangian-k with either the Erlangian-k,1 or with the Erlangian-1, which h a ve the same rst two moments, but again di erent third and higher moments. We observed that for coe cient o f v ariation less than one, distributions with di erent third and higher moments for the wideband tra c have only slightly di erent impact on factors such as blocking for service 1 and call blocking for service 2. For c 2 = 1 , w e used a parametric family of generalized Erlangian-3's, showing a di erence of 0.1666 in the total carried demand. In conclusion, second and third moments of non-Poissonian wideband tra c have signi cant impact on blocking for coe cient o f v ariations higher than one.
V. Conclusion
In this paper, we consider the problem of performance modeling when Poissonian and non-Poissonian heterogeneous multi-slot tra c streams are o ered to a digital link in a double loss system under various control schemes. We have successfully modeled this problem using linear algebraic queueing theory and the matrix-exponential distribution for the non-Poissonian tra c stream. We h a ve also modeled di erent control schemes such as reservation for one or more for each tra c stream and partial or probabilistic reservation. We h a ve described an algorithm to produce equal blocking for each tra c type using acceptance functions and the prs-scheme. Through our computational studies, we observe that at moderate and realistic tra c loads, blocking for both services depends on the coe cient o f v ariation of the wideband tra c as the demand mix has greater proportion of wideband tra c. More importantly, when two di erent distributions with same rst two moments are considered for the wideband tra c, we observed that the third moment of the arrival distribution of the wideband tra c has noticeable impact on blocking for coe cient o f v ariation greater than one. This shows that results from analysis or simulations based on the rst few moments may h a ve a larger error than previously expected, and should be avoided if possible. Such observations have been made in the past for renewal stream input models, 19 , and are here shown to hold for the simplest superposition of renewal processes. We expect these conclusions to hold also for models with tra cs of more than two di erent t ypes; the model extends readily to include such situations.
